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ABSTRACT

We consider the parabolic integrodifferential equations of a form given below. We establish

local existence and uniqueness and prove the convergence in L,(E,) to the solution U, of the Cauchy

problem.
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INTRODUCTION

Let’s have the parabolic integrodifferential
equations of the form

S G0 = Y k,(.6)Dude

d . kel 2

+ 3 a (nt)TFu,+ f,
(T
where the partial differential
operator l' “wit o js uniformly elliptic,
{,T{'-E{f,&;}:qi 2mi,ee [0,T]} is a family of linear
bounded operators defined on the space of all
square integrable functions L,(E ) and &, is

the n- dimensional Euclidean space.

We consider integrodifferential equations
of the form;

]
d—r"=I.u__ +F, =0,

Where,
@=-i®,.,® 71 iS an n-dimensional multi index,
|ex] = ex, . Fex,

d

PR s 0 e e
r=1,..1nx=(x..x) is an element of

the n-dimensional Euclidean space F_ . Let I.[E)
be the space of all square integrable function on
E_ and W"(E ) the Sobolev space, [the space
of all functions ge Li(E. ) such that he
distributional derivative [3*g with |a:|£m all

belong to Z.c& 1,[7].E] |

We assume that L4, satisfy the Cauchy condition;

uy (x) = g(x).g € W"(E,), =

We can assume that giz1 =0 on F_ We
shall say that u,is of the class S if for each
te(0,710<TeEu eW " (E Jand Zer i,
where —”- is the abstract derivative of &, in L, E 3,
in other word there is and element « e: 51 such

that
1i111||l M, o — M, )— ¥ || =1
h—0 h( i+h f) H :

Where |H| is the norm in Z(E Lt =(017.
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Notice thatif 4a » m,u & ¥ (Z ), Zee e
for each T < (0,7], then the partial derivative E
exists in the usual sense E, #(0,I] and - —-—. in
fact according to the embedding theorem [3] [8],
we have

du, Au, dit, A, ) _am
e Y
g | dt L‘..ﬁ ot Af
Where is=u+upr-y.2 iS a positive
constant,

am
EEGCAEDY [|peo)| ax,

k=0 frf=% g

dx = dx,.. 45 and? is the volume enclosed by the
sphere xj+..+x= k" letting & —0, we get %-%
on =8, 1].

Since b is arbitrary, it follows that

ot du:

Dz

5% a3 B (0. 7]
Let us suppose that the following assumptions are
satisfied;
(@)  Thecoefficients a,, k| = 2= are real functions
of t, defined on [o,T] and having continuous
St da i)
derivatives =g on [0,T]
The deferential operator
uniformly elliptic on [0, T].
The kernels { (,8%|a|5 2m.1.5 < [0.7]} are linear
bounded operators acting on into it
self. It is assumed that these operators are
continuous  in it, E'),.t,E'E[EI,T].
Furthermore itis as;élrned that the (abstract)
partial derivatives — exist for all |o|=2m
and represents linear bounded operators on
L,(£,) which are continuous in
(t, 81,8 [0,T].
The coefficients a ,|x|<2m are real
functions, which are continuous and
bounded on & =p,].
J. isamap from [0,T] into L.(E,), which is
continuous in t with respect to the norm in
LIE).
) All the coefficients a,,

(b) hg.‘ﬂ.. EF STLaN

(c)

(d)
(e)

for |xz|< 2, have
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continuous bounded partial derivatives

D, on B =[0,T;r=1,..n
(9 LW T(E)
(h) The ranae of the onerators

E ) |a|=2m,t,8<[0,T]) is the
space w+{£35 we assume that all the
operators 'k .reiare bounded , and that
02 K. (1,8 exist for all |=2m.The
operators ' & E_if,51 are supposed to be
bounded and continuous in (£, &) for all
lx|=2m. 1t is supposed also that
Dk, if, &) are continuous in (¢, &)

Proposition 1.

Under conditions (a) , , (e) if there is
at least one solution in the class S of the Cauchy
problem (*), (**), then this solution is the unique
such solution.

Proof. If geW"(E x| =2m then we have the
following representation:

Do = ()" RV,

LZ(En) ) ) )
Where & -&°.&".R is the singular integral

operator defined to be the
lim |, - &g =0

rL-r
&

be—pl

R(hmg=—in —i-.d:.r:]—[ n+1 ]
. i

|x| =x + +xx,3—.\f’_?:‘

and

a 2

T(o)= | e dt
Notice that & ,f =1,..;2 are bounded operators from
L,(E ) into itself, [1],[2].

Let & (¢ be an operator defined by

A=Y a,OR
ek 22
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According to assumption. the operator
H,(f) has a bounded inverse Hl_l[.ﬁj defined

on forevery ee[0,T].

cor Hat.0)= %ﬂ K,¢OR"

H,(t,0)=H,(t.0)H1(8).
Using (1), then equation (*) can be written in the
form;

du, ¢
d—f‘ - E:l.1 = I:f:'Dﬂu = _[u H‘I:f,ﬂjl I,E'_,.a' I:f:IDﬂL!‘,fiE

+f H; Kﬂr:r,ﬂwwﬂ+%_ﬂ=("=wﬂ“=+i ~(2)

To Prove the uniqueness of the considered Cauchy
problem, we set £ =0 forall {x,£) € K, x[0,7].

Now set
u
- z g,i0% =F
A==

Then according to assumptions (1) and (2),
we can write

¥
u(x) = ], [, G260, 0)dd6. )

Where G is the fundamental solution of
the Cauchy problem for the parabolic equation

di,
o ne

Let {U7(t, 8058 €[0,T]} be the family of bounded
operators defined by

U0, = | Gx—y.2,07,(»)d.

Consequently (3) can be written in the form

7 =J:U(z, 9),d6. @)

According to the well-known properties of
the fundamental solution G, [4], [5], we can see
that

||U(£, E‘)g" < ||g .eel (B, ..(5)
. Z
Uit g 5@”2" ...(6)

For |at|< 2m,t=8,g e L,(E ), where C
is a positive constant and is a constant satisfying
0« y<1. Substituting from (4) into (2), we get

aH,
d

HE(:,:)J'I:'U(:,Q;I;;.£9+ ; _[;'fs;_(:,mﬂ“t.rm,m;fﬂdrﬁa
(=5

7= B apae-] [

£, B
U8, 1), e

t
+ Y, a,(x,0] DU, 0,40 (D)
frf2m

Using (5) and (6), we get from (7), the following
estimation;

T
mlsclle, .o

(To obtain (7) and (8), we already used
conditions (c) and (d) where C is a positive constant.
Thus (4) and (8) lead immediately to the fact that

#,(x)=0 on Ex[0,T].

Proposition2

Under the condition (a) , ..., (h) the solution
of the Cauchy problem (*) , (**) exists in the class
S.

Proof
Using the conditions from (a) to (e), we
obtain
. ¢ re dH(F, B)
v, =-] Htovde-| | —3 U BV e

H.(z,rjl'.U(z,H)ﬁaP+ ¥, j fi:_(r,HjD“U(E,n)V‘rz‘rﬁH
(==
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..(9)

According to (5) and (6), the Volterra integral
equation (9) has a unique solution Vv, in
which satisfies:

where c is a positive constant.

This means that under conditions from (a)
to (e), we can obtain the so called mild solution [6]
of the Cauchy problem (*) , (**). this solution is
represented by

e j;U(z,a)nga

Now we must prove that the distributional

derivatives D"u, exists in L,(E ) for all
|Cx|£ 2r,te(0,T]

that w e W'"(E ) for

we apply formally the differential

To prove

te(0,7].
operator on both sides of the integral equation
(9), then we get;

v, =-| DA, .08

1L

DA, (z,r.)j: Uit 67,46

il (‘ﬁ PN O, ey d a6

+y jj DK, (.0)D°U (¢, 0),dnd 6
ek

+Y alx, z}j DOLi(¢, ) DV, 46
frf2m

+H;w,a=cx,mj,jm"tfcr,Hjﬁrdﬂm.f. .(10)

Let us consider as the unknown
element in the integral equation (10). Under the
assumptions (a),..., (h) this integral equation can

be solved for n¥. Thus D¥FeIL,(E) for
te(o,I]. Now we have

Dy, = DUt 0)d6 =[ Ut,6)D¥d6. (1)

Using (11), we can wire
D%, = [ D"U(¢,6)D,7d6,
Where |or|= 2m,|B| = 2m—1.

Proposition 3

Let {f 7} be a sequence of functions which

@afe belonging to L(Z) for every ¢ €{0,7] and

continuous in t. suppose.
" ¥ o
litn sup "f ,—j;"— 0
=

Where f is continuous in f=[0,T] if
is a sequence of functions of the class S, which are
solutions of the Cauchy problem

¥
=T 7;+f =
¥

then {u?} converges in IL(F) to the

solution  of the Cauchy problem (*), (**).
Proof. Set

” ,_J' U, 0V ide
We find

k i k il
[7ivilssupllri-rife
¥
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