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ABSTRACT

The generators of the admitted variational Lie symmetry groups are derived and conservation
laws for the conserved currents are obtained via Noether's theorem. Moreover, the consistency of a
functional integral are derived for the nonlinear Schrédinger equation. In addition to this analysis functional

integral are studied using Lie groups.
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INTRODUCTION

In recent years, a number of works of the
symmetry methods are found to be very efficient in
applications to differential equations in Physics and
Engineering. A subject of a special interest is a study
of invariance properties of the equations with
respect to local Lie groups point transformations of
dependent and independent variables. The
importance of the conservation laws lies in the fact
that there are situations where numerical schemes
have been devised keeping in view the conservation
form of the DEs. Also, the conservation law can be
used for serving a priori estimates and to obtain
integrals of motion, where for certain types of
solutions, the conserved density, when integrated,
provides us with a constant of motion of the system.
Actually, finding the conservation laws of a system
is often the first step towards finding its solution.
Rund* and Logan? have studied the invariance of
fundamental functional integral and deduced the first
integrals or conservation law for the corresponding
system of DEs. The nonlinear (3+1) Schrodinger
equation [3, 4] is described by nonlinear couple
partial differential equations. It is well know that a

part of one parameter symmetry groups of these
equations turns out to be their variational
symmetries. According to Noether theorem [5, 6]
such as invariance of the elementary action is a
necessary and sufficient condition of the existence
of conservation laws for the Schrédinger equation.
Let us consider Schrédinger equation with nonlinear
term:

; .12 '
19t +qxx Ty 142z +(|q| =S({.x.v.z)|g =0
..(1)

Group Analysis

Equations (1) have some applications in
quantum field theory, plasma physics and
Engineering [3]. To simplify equation (1), set q = u
+iv then, eq. (1) is divided into couple of equations
as follows:
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In order to find invariance transformations,
we look for infinitesimal Lie point transformations
of the form:

—x +&f(t.x.y.z.uv)+0(g2).

!

=y +ent.x.y.z.uw)+0(g2).

-'-"ll
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=z +ea(t,x,y.,z.uy) +O(€2)-.

r=t +er(t.x.y.z ._u.*.‘)+0(52)._ -
" =u +£r;r(1)(f.x .j-‘.:.u.r)—()(gz).

v =y +£r;(2)(r.x .z )+0(e2).

which (2-i, 2-ii) system.

Following the widely used methods in the
classical monographs. Concerning these arguments

[4-12] we find the coordinates &, p. g, ., ,;,(1)_,?(2)

by solving over the determined linear PDE system,
usually called the determining system which is
obtained by requiring, the invariance of the system
(2-i,2-ii) with respect to (3). (1)(2),111..-..-

There are many software packages which
aid researchers in obtaining the determining system.

1
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Then we have the following cases:
Case 1 When 4] =42 =43 andyr = then the
infinitesimal take the form

T=4 + 15,

1
==24v +L 2.
N=Z24y +L2

(2)___

2 Aqv
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But solving it with arbitrary functions requires
analysis. We omit the determining system from
which we are able to obtain the following results in
the form of the coordinates

T=2_41‘—|—),,5
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1

n= ;243 —Aox + A1z + L H(1).
1

Y= 5244 — A1y —A3x +L3@).

o - | (4
7 :—5A4(+t//(.r,_1'.2.?7)1‘.

n(2) =

1
—w(x.v.,z.t)u —5241'

and

1 1 |
v :—EL'3(T)5 —EL'Z(T)J" —Eﬂ’l(f)-" +g(1).

where, A, A,, A, and A, arbitrary constants and
L'1(t).L"5(t),L'3(t) are arbitrary functions. Let
the function ) S (%, x, y, z,) satisfies the equation

oS oS as

- + =
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and) S (4 x, ) z,) satisfies the equation:
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By applying the invariance surface condition, we

obtain
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_F(61.02.03) . _H(61.02-03)
(/14(”%5)%‘. (Agt+A s)/
S 1(61.62.63 )
A4+ A5
Where A, A,, L,, L, are constants and F, H, p are

functions to be determined by substituting ( 4 ) into
the system (2-i,2-ii) ,that is ,by solving the following
reduced system

L, [ . . . 1.2
— Ad|F +81F g+ 02F g5+ 63F g3+ A3\ H g0, + H 950, + H r)_;u;’
cq (FEe g2 p(01.00.03))=0
—/4111 +O1H gy + 02H g5+ 03H g4 )+2 343 F o101 F 0202 % Fas03)
“F |F2eH 2 pl61,02.03))=0

...(6)

In order to solve system (6), we change the variables

H=H . F=F@© 0-06{+63+63

Consequently, the system (6) takes the form:
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JA34E @) e H W) |

+H (F2+H27;1(9 )):0,

,%/14()? +28 F'(f) ) )+
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1
2 2
+F (F2+H2—;:(g )) =0,

A7)

- A - 1 - - -
[1H g, = 4y 61 — 40 6161 —g—lﬂ' 0,67 636377

We make use of dilation group and after
some manipulations on the system (10) we have
the equivalent system:

AH gy~ 401H gio)+ H o303 H (H 2+ 2= 1(61.63) =

W g HAOW 10 W gypy W (H 2w 2-u(61.63))= 0.

...(10)

117
from (7), we have
_1 - _
F =Ro~ N H =—6 34N
2 - il 2
U = R- 2 N T +7\I‘
g 36 99
where,,TRN are constants.
Case 2
When  jis=4i3=11=L,=13=w=0, then the
infinitesimal takes the form
r= /:1-53 f = ;.,21 s
n=—Ap

The invariance surface condition may be
solved to yield the functional form:

This leads to a reduction of the system (2)
in the following form

p=H(61.02.03). @ =(01.02.03).

-1 X

Nk

2
f1=x 2+,y -,

G2 =117 —sin

#3=: S = u(61.62-63)
...(10)
and
A2
I1=——
A5

This leads to a reduction of the system (2) in the
following form

X __ .
o 02051 0303 H (& 24+ 2~ 1(61.62.63) |

(E22+w 2 - 11(61.67.65))
Where H =H (81.03). W =W (61.63).

using again dilation group on the system (11) one
gets

+F (FIew*2- 4% =0
2—u"e n=0.

F o+602F +4e3+9)pn
W 6w A3+ o2 T K(E2 4w

where
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Consequently, system (12) has the solution

_ 4B A

: W=
Jo N
when },,*24,%2[}12“} .

4 .B ,ABare constants.

Case 3
In this case the infinitesimal takes the form

Tm s S= i), = Lalt),

y=r30). r}“J=}:4(r..\'._r.: o r}t:J=—I_ alrx vz

Applying the rules as before (such as case
1, 2), we get:

g1= A5 — (),
63 = Asx —¢3(1),

where

¢)()=[11(t)dr,
¢~(t) =] o(t)dt,

¢3(t) =[L3(t)dr,

62 =iy —¢s(t),

and

oL alt.x,v.z as oS os as

M_/{,ﬁ__gﬂ__} T-}/ﬂ :01
ot ct ox oy oz

w =H(81.82.03) Sin®-F(g].62.83)CosD,
v =H(8.62.03) Cos®+F(g].602.03)5ind.

., 1
& = ul@1,.62.83) =

1 1 , 1 1
[;:L 3O+ VL O+ =L () =28 (1) |

24 ]
Dir.x.v.z)= L|‘ —%:].'_-‘,{r)——%_r!.'zfri—én‘.'jli y+g(r) %f
AS P < £
...(13)
Hence ,
@ LR I (r)+1 I (f)+1 L) +G(t) |
=——| —z — 3 —: -+
2,5 2703 Ty T |

where,
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G(t) = -2[g()dr
Using the transformation #-# ). F=Fle) & =a+o2-6s
and system (13) in (2), we obtain,

M2
432

5

H" +H (F2+g2-u@)-=—g =o.

172 (14)
Fro+F FLea2-p@)-2F =0
422

5

After some calculations on (14), we have the solution
in the form:

H =ciP+co. F =c3+cy

provided that ;::_5-192+.5-29 +s53.

where, 51.52,52.¢cl.c¢2.c3c4.M are constants,
and

s1=c1+c3 s1=2cc2t2c3 ¢4 -
v 2
8326:2:}"'(.’%_)‘{_2
4)~5

Case 4 When L1().L2() . L3(') and y(t,x, v, z)
are constant, we get

T = A4 + AS.

S |
(_: :5.;»4-T +;|.,2_1'. +.;u32 +L1'

1
N=—A4V —A2X + 412 +L 2.

2
Y =Eﬁ.4: — A — A3 +L3.
1 ..(15)
1
;?(2) =—L qu —5/141’
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and

oS és s e
AN + 17—+ l—tpj—+y—=0
LRl g

From (15), the invariance surface condition leads
to:

61= (/14r+;b5)_1/2{,14x +2(iov +Ax +L1]-
—1/2

O2=(ig+75) 1/'{,1»4»! +2(AF —A2x +L2)}.
-1/2

83 = (14 +15) / Az =20 + 43¢ +-L3)]-

and

_1/2
w =(ig+25) /{52F1(6'1-€2-93)+61F2(61-6’2-.t93)}~

—1/2
v =(A4+25) / {s1F1061.62.03) +52F 2(61.62.63)}.
_ 1(61.62.63)
Ag + A5

S

24 ho— L4
AL3+13 4L£21+/“Lz

where * 1

using (16) and changing the variables

F1(61.02.03)=F1(0 ), F2(601.62.603) =F2(6 ),
1(81:62.63) = 1(6 ),
then (2) can be written as the follows

a :61 +62+63

Ad ., A .
74‘-* 1F1+s2F )+ Z26(s 1 F 45 2F ) Y (s 2F " + 5 1F ) 4

(s2F1+s1F2) ('.s-f +s%)(1-'12+}'-"2_,'}+4s13 2 1F2—1(0) | =0,

4 A
—%{s2.‘-'1+sp‘":J—T'lff{s2;‘-"1*s1“‘"2]—dlﬂ.-;u"ngf-"gl*
(s1F1+s2F2) (.si" + .s%)(Ff t F%} tds 15 2F |F 2 - p(0) (=0,

and
d1=33+8(A3+ AP+ 23+ 143 -1da+ 2223)

System (16) has the solution

F1= F2=06% ands|+s2=0
In this case u(0) is an arbitrary function.
variational principle

In order to study variational principle for
our problem,

N@wyv)=0

M@v)=0. ...(18)
The system (18) satisfied the consistency

conditions for the existence of functional integral.

Consequently, a functional integral can be written

by using the formula given by Tonti [8, 9] as: ),(vuJ

Since

STwy)= | MQu, v)SvdQ + | N (., v)Sud Q)

Q Q
or
7 1 ) 2 2 1 2,9 B
J== [(=tve—uz—uy —uz tou=tv =)= S )d 2+
24 2
1 1
i? [ (\‘;” V¥ \-;-)- 1-;:’ t 3V 2(;;3 v 3) \‘3 S){'fﬁ!.
—Q N -
since
0 .(19)

with L being the Lagrangian function, we obtain

1 T 7 2 2 2 91 T4 .
7. 2.2 (
f.—:lt\'“r ) =g =uy -nE-vi-vy-ve F=(u 2 d) (=+v=)8{r.x,v,2)

for which the Euler-Lagrange equation is

oL L oL
ﬁ r_Df 3VJrJDz-DJ,- r+....:0.
-
Cu Sul Cu ..
z iy

Consequently we have

o N Al oar ) ar \ U
eL ¢l el ) o oL (el ) éfaL )
du  éx c‘}“x ) 5‘1 | Oy ¥ oz \5”: ) ot \ 6‘“?‘ )
Hence,

. o Il o
vy +uly 2y D —uS(rx.y )+ — w)+r—l )+ —u-)=0
éx av e

This leads to

Vi Ty TUxy TUxx +1f((1;2+v 2)—S(I,x,y.:))_

Moreover as,
7 6‘L hY

\Vx

L &

v ox
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we obtain

UE TV xx TV xy TV ey TV ((1;2+v 2)—S(r.x ,_1-',:), =

In order to prove the invariance of the

deQ

fundamental functional integral 2 where L is

the Lagrangian function and Q represents the
domain of integration to be invariant under the one-
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parameter group of transformations (3), we can use
the following theorem:

Theorem 1 [ 2]

If the fundamental functional integral
defined by (19) is invariant under the f{rparameter
family of transformation (3), then the Lagrangian L
and its derivatives satisfy the f{ridentities:

k k
&L o, oL oL |dny  pd | e | d*m{ . ddf p  di
Ts =7 s "7 % —uy Tk TUpy g dva
Oy @ Su aik|\dx@ dy@ ity dy %y P dy @ dy P
o _d?¥ dr |_,.
v + =
dx%x B  dx@
for and
s=L123_r, af=123.m k=123..n .F.: auk & a2k
Wg =" BT .
where Ox o s Ox ,Bax @
Then, Lagrangian and its derivatives must
o _ o | kE_ &#k satisfy the condition: L
e
1
L +£§+£ry+£a+o}; o, = E,"L (2) °L {aﬂa} ug[aﬂa]—EJ+aﬂ()ﬂg
a @y & Bur | ot 2u et | v
2 a8 3 3 3 2 g 2 g
ngr_ﬂfvtgr_uxa—f_uxﬂtgé_ﬂxvff_ﬂy??‘Hyﬂ;;i—q_ﬂyvfgq_uz%
da_ da | oL |ean® ~(en® as) an® ar ar
HIUt G THIVE ST e ey N\ Tan ax | e VX Mgy uxMim,

ar 98 2 3 2

n
—uxvgg—uxav—uxvx,\v IJJ.I',.\X l{yl{xal_uva,‘v lJz&r ‘quxa‘ Hszav

an S S da

Lo en®  fen® om) ep® 0 or oo er L oer @
auy ,:y H_v e 6)3 E b"y ﬂta}, qugau vayav Hxay
3 8¢ o3y 8 da dar 2a aL |ap®

_quyau H_;;Vy,\p_uya{_uxvyav Hzay ﬂzﬂya_uz’?}lg +5}¢_Z?

an® sa ) an® ar ar ar 8z oz a
I\ T T [Tay e U g Tt G T Gy T gy T a2 Gy

an en an da de r_r(2] 8?}'(2) ar S‘r;(z]
uy 5l muyuz Gouyve 3 -ud G ouave 5 e 2 S | S-S e
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o1 cr as il or on én o
Vv iu -V i—-v -V iy Vv yu vy — U -V -V
Mla "oy "Xa "Xl VXU Vg MY gy VIV, o
e é . |an® an@ ax ap@ ar &r
VVz TuVz —— (t Vx| — Uy VTV
v o vy [ ox | év ox L cv
or 88 g éf én on én dor de e
Vg g TV G TVE Ty o Y lx VYR VI G THxVE o VAV

S (D) 5 . .
én |, on a ér _ ., ot a& el
— — +—u 1,;— VAl STV y o TV o TVl
&y y l &y -} | “ov & | &u y Y &
fal d &n dex Sor [l L
Vv VylUy TV VI Ty Vv~
J YEY e v v cu Y av |
ar o (M oL (2 . . . .
iL | cr;l('-l cr}'k‘} da cr;l'l"} ar gr il & a¢ [ila ¢ dn g da
by | [ Y YL Y Yy Y VY Yy Y iz — VR —
dvp| o [ ev &y | cu éz G dv éz u v & B v
an oo
—LJ".\__:A':\:-._ =0
& du |

On Substituting for L and its derivatives in equation ~ Theorem 2

(21), we get a polynomial in (Noether's Identity)[5,10] Under the
Ue-2ty-20:-2-VsV, vy €tC Collecting it in hypothesis of theorem 1, the following
descending order of various powers of f{rconservation laws hold true

Wy sl poll = gV y sV pV =V IlC g n d :
XUy Uz MOV XV y2¥ 2oVE 8L d &L | ;. &L dck
equating to zero the different powers of Leg+| ——- T fes T =0
dx & aulk dx P le";cga au%a dx P
Ux Uy Uz UtV xVyVz Vi--BIC T we
. ) . . where
obtain a system of first order PDEs. On solving this
system, we get the following expressions for E k k v
5 =Mg ~“uyts
s rnan®andn® -
Consequently
E=—cty —c2z +L10): a L%+ cL ckl=0
r=cy dx@ ol
m=ecl +e3 +Lalt): thus , we have
& =coxX —¢3V +L30)
?}'(1) =*v5|:1 Ly +L'3F 72L4:|: g{l.r+:’1—icl+;’—ic2}+§{£§+;icl+;ic2}+eyi{Lq+£L—ycl+acg}
,‘?(2)=%[L’1x +L'oy +L'3E —2L4]. .(22) +q—{[d+£cl+ 52}=0
and z z
F%*f;—g_*??%+a§=*%[1.”p'7L"2,‘J'*L“?]*G"Cﬂ where,

where €1-c¢ 2-c3and 4care arbitrary constants, 1= ry(l) —uyr¥ = n(l)—utr—uxf—uza—uyn,

but £1.25.23, L4and @ arbitrary functions of t[12-
19]. Cl:’?(z)—vtf—vx_f—vza—vyﬁ.

By using the following theorem Hence
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g 1 1
E{%[—fu% D) -63 w3 D rsald)’ -w 2)5}—101%? HLw +
LY LR L+ 5 0y U0 e —c ~LD+ 30 y Vuy Xefe +c3 +L)+
1
3 @V z Vuzdept —c3v —L3) }4'

= (Fewex +L1}|:(Vn:—uif':)+(u3 w3-ud)+r vl —V§]+%{(NQ+V ?—]2-{u2+p2)sﬂ

1
36 ux — )L E ALY L' L) eabirut v xvyexuy v xvy o w¥ +eF +Lopuxuz +vxve)ew —ew +L3)

g1

o . \ - v 1y o W2y T
0 2[f'1x e +L2) (Fu; —RV;_JH_M% —ug —u? |+ s ri-rl ]+7{u‘—l7’2] (w247 2)s |+

1 . z . F 3 P - .
+= {I’uJ: —ul’ y (L1 x+L'2w+L'3z —L4) +c4 (uyue+V V¢ .I—I._uxuj,- AV y e +e22 —L1)+

. - | - . . - \
Huypnz +vovy ]Ich —c3y —L33—;§3[c2t —cy +L3) ':_‘I»'u;—u\=,-_|+|u_2 —:If_% —u% :|+|\=_2 v —v% |
. ] = L | \ ¥l

1 2 \
—:l_uz—r:_ll —I,u1—1'2_|5

1 — . - . \
I*3 Wuz—uvz (L] x+Loy =L —Lal+cyg luzug+vzve)—

—luyuz tvyvz ey tex= —Llll—l:_u_].-uz tvzvy lepx +ex —Lg]—} =0

CONCLUSION

This paper is concerned with finding

potentials that admit Lie point symmetries for the
nonlinear (3+1) Schrédinger equation, i.e., we give

a classification of potentials admitting point
symmetries. Finally, we apply Noether’s theorem to
show which of this point symmetries are variational
and we obtain the corresponding conservation laws
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